We derive an explicit expression for an inverse power series over the gaps values of numerical semigroups generated by two integers. It implies a set of new identities for the Hurwitz zeta function.
Introduction
and g 0 (S m ) is known as a genus of S m . For n ≥ 0 an explicit expression of g n (S 2 ) and implicit expression of g n (S 3 ) were given in [2] and [1] , respectively. In this paper we derive a formula for semigroup series g −n (S 2 ) = s∈N\Sm s −n (n ≥ 1).
Consider a numerical semigroup S
1, with the Hilbert series H(z; S 2 ) and the gaps generating function Φ(z; S 2 ) given as follows.
where min{N \ S 2 } = 1 and max{N 
Introduce a new generating function Ψ 1 (z; S 2 ) by
Plugging (2) into (4), we obtain
Keeping in mind
substitute the last into (3) and obtain
Indeed, an expression (6) is an infinite series with degrees
In Figure 1 , we present, as an example, a part of the integer lattice K for the numerical semigroup 5, 8 . Proof We have to prove two statements of existence and uniqueness: 
Choose
and s has its Rep node in K.
2. By way of contradiction, assume that there exist two nodes {k 1 , k 2 } ∈ K and {l 1 , l 2 } ∈ K such that
namely, there exists such s ∈ d 1 , d 2 which has two different Rep nodes in K. Rewrite (9) as
Since gcd(d 1 , d 2 ) = 1, the equality (10) implies that
that contradict the assumption {k 1 , k 2 } ∈ K.
A sum of the inverse gaps values g −1 (S )
Present an integral in (5) as follows.
where c 2 = F 2 + 1 is called a conductor of semigroup.
3 A sum of the negative degrees of gaps values g −n (S 2 )
Generalize formula (14) and introduce a new generating function Ψ n (z; S 2 ) (n ≥ 2) by
which satisfies the following recursive relation.
namely,
Define a ratio δ = d 1 /d 2 and represent the last expression as follows.
Making use of the Hurwitz ζ(n, q) = ∞ k=0 (k + q) −n and Riemann zeta functions ζ(n) = ζ(n, 1), we obtain
Interchange the generators d 1 and d 2 in (20) and get an alternative expression for g −n (S 2 ):
that yields an expression for another important function for numerical semigroup S 2 , namely, a sum of the negative degrees of non-gaps values (zero excluding) G −n (S 2 ) = s∈S 2 \{0} s −n , n ≥ 2. This conclusion follows from a simple identity g −n (S 2 ) + G −n (S 2 ) = ζ(n) and formulas (20,21).
Another spinoff of formulas (20) and (21) 
